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Detecting nonclassical properties that do not allow classical interpretation of photoelectric count-
ing events is one of the crucial themes in quantum optics. Observation of individual nonclassical
effects for a single-mode field, however, has been so far practically confined to sub-Poissonian statis-
tics and quadrature squeezing. We show that a photon-added classical (coherent or thermal) state
exhibits generalized nonclassical features in all orders of creation and annihilation operators, thereby
becoming a promising candidate for studying higher-order nonclassical effects. Our analysis demon-
strates robustness of these effects against nonideal experimental conditions.
PACS numbers: 42.50.-p, 42.50.Dv
I. INTRODUCTION
Ever since Glauber developed the concept of quantum
optical coherence [1], nonclassical properties that cannot
be explained by any classical, stochastic, theories have
long been a subject of substantial theoretical and ex-
perimental efforts. Nonclassicality in quantum optics is
usually formulated in terms of the Glauber-Sudarshan P -
representation [2,3], in which a single-mode state ρ can
be expressed as ρ =
∫
d2αP (α)|α〉〈α| in the basis of co-
herent states |α〉. If the quasi-distribution P (α) cannot
be admitted as a classical probability density, the state is
called nonclassical [4]. However, as the P -function is gen-
erally not directly measurable in itself, there have been
two different approaches to the identification of nonclas-
sical states. One is to construct experimentally accessible
distributions, most notably the Wigner function by ho-
modyne detection [5]. The negative value in Wigner dis-
tribution, for example, becomes a sufficient, though not
necessary, signature of nonclassicality. The other is to
observe individual nonclassical effects such as antibunch-
ing [6,7], sub-Poissonian statistics [8], and squeezing [9]
that do not allow classical interpretation of photoelectric
counting events [10].
In view of the second approach, there have also
been numerous proposals for detecting nonclassical ef-
fects in higher-orders beyond those well-established sub-
Poissonian statistics and quadrature squeezing. To name
a few, higher-order quadrature squeezing was suggested
by Hong and Mandel [11], amplitude-squared squeezing
by Hillery [12], and higher-order photon statistics by Lee
[13], and by Agarwal and Tara [14]. Recently, Shchukin
et al. derived a hierarchy of sufficient and necessary con-
ditions for nonclassicality in terms of normally-ordered
moments [15]. Despite the theoretical efforts, however,
experimental verifications were mostly limited to sub-
Poissonian and squeezing phenomena. Although it suf-
fices to detect any of possible nonclassical properties in
some cases, a richer class of high-order nonclassical effects
may reveal the distinct nature of quantum phenomena
more deeply and find new applications, e.g., in quantum
information science. In particular, it has been proved
that any single-mode nonclassical state becomes a suffi-
cient resource to generate a two-mode entanglement via
a beam-splitter [16]. Furthermore, Nha and Zubairy de-
rived entanglement criteria by which such output entan-
gled states can be detected in the light of single-mode
nonclassical properties of input field [17].
In this paper, we consider two generalized classes of
nonclassical effects. The first, phase-sensitive, class is
formulated as 〈: (∆(ame−iφ + a†meiφ))2 :〉 < 0, where
:: denotes normal ordering of the creation and the an-
nihilation operators (m: integer) [18]. Note that m = 1
case refers to the usual quadrature squeezing and m = 2
to the amplitude-squared squeezing by Hillery [12]. The
second, phase-insensitive, class is represented by the con-
dition 〈: (∆a†mam)2 :〉 < 0, where m = 1 is the case of
sub-Poissonian statistics. Note that due to the entan-
glement inequalities established in Ref. [17], the single-
mode nonclassical properties studied here are one-to-one
related to verifiable two-mode entanglements via beam
splitter.
We investigate photon-added classical (coherent and
thermal) states to observe the above nonclassical effects
in higher-orders. The n-photon-added scheme, denoted
by the mapping ρ → a†nρan, was first proposed by
Agarwal and Tara [19]. The nonclassical properties of
the photon-added coherent or thermal states have been
studied by many [14,19-22], and very recently demon-
strated in experiment [23-26]. However, those studies
were mostly confined to low-order nonclassical properties,
or the negativity of Wigner function. Recently, Duc and
Noh studied high-order nonclassical properties of pure
photon-added coherent states [27]. Here, we want to ask
whether one can demonstrate the higher-order nonclassi-
cal effects in realistic conditions. We therefore focus on
single-photon added coherent and thermal states in two
practical schemes based on beam-splitter (BS) and non-
degenerate parametric amplifier (NDPA), respectively.
We show that the generalized nonclassical effects are ro-
2bust against experimental imperfections, which renders
photon added classical states promising for applications
involving higher-order nonclassical properties. Specifi-
cally, it is shown that the experimental results (NDPA
scheme) reported by Zavatta et al. already imply those
high-order nonclassical effects.
II. GENERALIZED NONCLASSICAL
PROPERTIES
Let us start by addressing a general nonclassical prop-
erty for a single-mode state ρ =
∫
d2αP (α)|α〉〈α|. If
the state ρ has a classical probability density P (α),
all normally-ordered positive operators must yield non-
negative ensemble averages. More precisely, for every
operator fˆ = fˆ(a†, a) expressed in terms of the cre-
ation and the annihilation operator, a† and a, the quan-
tum average 〈: fˆ †fˆ :〉 becomes positive, 〈: fˆ †fˆ :〉 =∫
d2α|f(α∗, α)|2P (α) ≥ 0, if P (α) behaves like a prob-
ability density. In other words, 〈: fˆ †fˆ :〉 < 0 is a clear
signature of nonclassicality. In this paper, we take two
generalized classes of operators fˆ to construct higher-
order nonclassical effects.
(i) higher-order amplitude squeezing
First, take fˆ1 = ∆(a
me−iφ + a†meiφ), where ∆Oˆ ≡ Oˆ −
〈Oˆ〉 represents a quantum fluctuation and φ a phase angle
(m: integer). Then, if there exists an angle φ such that
〈: fˆ †1 fˆ1 :〉 = 〈: (∆(ame−iφ + a†meiφ))2 :〉 < 0, (1)
the state under consideration is nonclassical [18]. Note
that m = 1 is the case of quadrature squeezing, and
m = 2 that of amplitude-squared squeezing due to Hillery
[12]. To define a quantity representing the depth of non-
classicality in the range of [-1,0), we note
〈(∆(ame−iφ + a†meiφ))2〉
= 〈: (∆(ame−iφ + a†meiφ))2 :〉+ 〈[am, a†m]〉. (2)
Therefore, we define a nonclassical depth
Qm1 (φ) =
〈: (∆(ame−iφ + a†meiφ))2 :〉
〈ama†m〉 − 〈a†mam〉 , (3)
which certainly takes a negative value only in the range
[-1,0) for a nonclassical state. Note that the denominator
of Eq. (3) is always nonnegative. [See also Eq. (23)].
Now, instead of investigating the dependence of Qm1 (φ)
on the phase angle φ, we can try to minimize Qm1 (φ) over
φ. On expanding the terms, we find that
〈: (∆(ame−iφ + a†meiφ))2 :〉
= ζe−2iφ + ζ∗e2iφ + 2〈a†mam〉 − 2〈a†m〉〈am〉, (4)
where
ζ ≡ 〈a†2m〉 − 〈a†m〉2. (5)
Using the fact that ζe−2iφ + ζ∗e2iφ takes the minimum
value −2|ζ|, the optimized nonclassical depth over the
phases turns out to be
Qm1 =
−2|〈a†2m〉 − 〈a†m〉2|+ 2〈a†mam〉 − 2|〈a†m〉|2
〈ama†m〉 − 〈a†mam〉 ,(6)
which will be considered in this paper.
(ii) higher-order coincidence statistics
Second, take fˆ2 = ∆(a
†mam), then we obtain another
nonclassicality condition
〈: fˆ †2 fˆ2 :〉 = 〈: (∆(a†mam)2 :〉
= 〈a†2ma2m〉 − 〈a†mam〉2 < 0. (7)
This class includes the case of sub-Poissonian statistics
for m = 1. We define the second nonclassical depth
Qm2 =
〈a†2ma2m〉
〈a†mam〉2 − 1, (8)
where Qm=12 =
〈a†2a2〉
〈a†a〉2 −1 is related to the Mandel-Q fac-
tor as Qm=12 =
Q
〈a†a〉 . We note that the quantity Q
m
2 de-
fined as such is, desirably, insensitive to the quantum ef-
ficiency of photo detectors in multiple-coincidence count-
ing experiment, which will be further addressed later.
III. SINGLE-PHOTON ADDED CLASSICAL
STATES
In this section, we investigate the nonclassical prop-
erties of pure single-photon added coherent and thermal
states before dealing with practical schemes in the next
section.
A. single-photon added coherent state
A single-photon added coherent state (SACS) is rep-
resented by |Ψ〉 = 1√
1+α2
a†|α〉, where α is taken as a
real parameter for simplicity, but without loss of gener-
ality. Using the relation ana† = a†an + nan−1 and its
extensions, it is straightforward to obtain
〈am〉SACS = α
m
1 + α2
(m+ 1 + α2)
〈a†mam〉SACS = α
2m+2 + (2m+ 1)α2m +m2α2m−2
1 + α2
.
(9)
Then, the numerator of Qm1 in Eq. (6) turns out to be
−|〈a†2m〉 − 〈a†m〉2|+ 〈a†mam〉 − |〈a†m〉|2
= −m
2α2m−2
(1 + α2)2
(α2 − 1), (10)
3which is negative for α > 1 in any order m. Therefore,
starting with the coherent state with amplitude larger
than unity, the resulting single-photon added state ex-
hibits the generalized nonclassical effects in all orders.
On the other hand, Qm2 turns out, for α 6= 0, to be
Qm2 = α
2(1 + α2)
α4 + (4m+ 1)α2 + 4m2
(α4 + (2m+ 1)α2 +m2)2
− 1 < 0,
(11)
which is negative regardless of α and m. Thus, the sec-
ond class of nonclassical effects appears for any single-
photon added coherent states except for α = 0. In fact,
the case of α = 0 corresponds to none other than the
single photon Fock state, a†|0〉 = |1〉, which shows the
nonclassical effect only in the lowest order of m = 1, i.e.,
sub-Poissonian statistics.
B. single-photon added thermal state
A single-photon added thermal state (SATS) is repre-
sented by ρ = a
†ρtha
Tr[a†ρtha]
, where ρth = (1−e−β)e−βa†a is a
thermal state with the average photon number n¯ = 1eβ−1 .
The SATS does not possess any phase-sensitive proper-
ties as it is symmetric in the phase-space distribution [25],
which excludes the first class of nonclassical properties,
Qm1 . On the other hand, we obtain
〈a†mam〉SATS = m!
xm
(1 +m(1 + x)), (12)
where x ≡ eβ = 1 + n¯−1. Therefore, Qm2 becomes nega-
tive
Qm2 =
(2m)!
(m!)2
2m(1 + x) + 1
(m(1 + x) + 1)2
− 1 < 0, (13)
for
x > Cm ≡ (2m)!− (m!)
2 +
√
(2m)!((2m)!− (m!)2)
m(m!)2
.
(14)
Note that Cm is monotonically increasing with m, there-
fore, high-order nonclassical effects appear in the region
of lower thermal-photon number. This nonclassicality
will be analyzed in more detail with experimental imper-
fections included in the next section.
IV. REALISTIC SCHEMES
In this section, we consider two realistic schemes to
implement single-photon addition and analyze the non-
classical properties of the generated states. The first is
the scheme proposed by Dakna et al., where a classical
state, coherent or thermal, and a single-photon source
ρc
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FIG. 1: Experimental schemes to implement single-photon
added states using (a) beam-splitter and (b) NDPA. ρin is
the input state, ρsingle the single-photon source, and ρc the
output state conditioned on the detection of (a) no-photon
and (b) single-photon. as: signal mode, ai: idler mode, BS:
beam-splitter, PD: photo-detector.
are injected to a beam-splitter to generate the single-
photon added state conditioned on the non-detection of
photons at one output [20,21]. The other is the one using
the nondegenerate parametric amplifier that was already
realized in Ref. [23-26].
A. beam-splitter scheme
In Refs. [20,21], Dakna et al. proposed to use a beam-
splitter together with n-photon Fock-state input so as to
conditionally implement n-photon added scheme. Here,
we restrict consideration to single-photon added scheme,
as it seems practically feasible due to the single-photon
sources available [28-30]. Suppose that a certain state
|Ψ〉 is injected at one input and a single photon |1〉 at
the other input to a beam splitter. [See Fig.1 (a).] If one
performs photo-detection at one output of the beam split-
ter and detects no photons, then the input single photon
must have traveled to the other output channel, which
conditionally implements the single-photon addition to
the input field as a†|Ψ〉.
Now, there are certain realistic conditions that must
be considered to discuss nonclassical properties of the
conditional state in practice. First, the injected single
photon source may be in a mixed state, particularly, a
mixture of single photon and vacuum, ρsingle = pS|1〉〈1|+
(1 − pS)|0〉〈0|, as shown in Refs. [28-30]. Secondly, a
photon detector has the quantum efficiency η, thus no
photo-detection collapses the system not to a vacuum
state but to a mixture of number states, as represented
by a POVM measurement, Π0 =
∑∞
n=0(1− η)n|n〉〈n| =:
e−ηa
†a :.
The beam splitter action, B12, can be represented by(
b1
b2
)
= B†12
(
a1
a2
)
B12 =
(
cos θ sin θ
− sin θ cos θ
)(
a1
a2
)
,(15)
where a1 and a2 are input modes, b1 and b2 output
modes, and cos θ (sin θ) denote the transmissivity (re-
4flectivity) of the beam splitter. If the initial input state
is ρin ⊗ ρsingle, the conditional output state becomes
ρc =
1
PND
Tr2{Π02 ·B12ρin ⊗ ρsingleB†12}, (16)
with the non-detection probability PND given by
PND = Tr1,2{Π02 ·B12ρin ⊗ ρsingleB†12}. (17)
(i) Single-photon-added coherent states
When the input state is a coherent state, ρin = |α〉〈α|,
the conditional output state is obtained by a direct cal-
culation as
ρc =
1
N
[
sa†|β〉〈β|a + f |β〉〈β|+ c|β〉〈β|a + ca†|β〉〈β|] ,
(18)
where
s ≡ RpS
f ≡ pS(1− η)T
(
1 + (1− η)Rα2)+ (1 − pS)
c ≡ −RpS(1 − η)β
N ≡ pS
(
1− Tη +RTη2α2)+ 1− pS , (19)
with β = α cos θ, T ≡ cos2 θ (transmittance), and R ≡
sin2 θ (reflectance). The non-detection probability turns
out to be
PND = Ne
−Rηα2 . (20)
To investigate the behaviors of two nonclassical proper-
ties, Qm1 and Q
m
2 in Eqs. (6) and (8), we just need to
calculate 〈am〉 and 〈a†mam〉, which are obtained as
〈am〉 = 1
N
[
sβm(β2 +m+ 1) + fβm + cβm−1(2β2 +m)
]
,
(21)
and
〈a†mam〉 = 1
N
[
sβ2m−2((β2 +m)2 + β2) + fβ2m
+2cβ2m−1(β2 +m) ] . (22)
The anti-normal ordered moment 〈ama†m〉 in Eq. (6) can
be evaluated in terms of the normal ordered ones using
the relation
ama†m =
m∑
p=0
(m!)2
(m− p)!(p!)2 a
†pap. (23)
In particular, we compare the ideal case of η = 1 and
pS = 1 with the nonideal case of η = 0.6 and pS = 0.7
throughout this paper. The cases with other values of η
and pS can be readily inferred by the comparison. Note
that the single-photon probability, pS, was reported to
be up to pS = 0.69 in Ref. [29].
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FIG. 2: Contour plot for the probability PND to generate an
approximate SACS conditioned on the no-detection of pho-
tons as a function of α and R = sin2 θ (reflectance of beam
splitter) for (a) η = 1 and pS = 1, and (b) for η = 0.6 and
pS = 0.7.
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FIG. 3: Contour plot of Qm1 of SACS as a function of α and
R = sin2 θ for (a),(b) m = 1 (quadrature squeezing), (c),(d)
m = 2 (Hillery’s amplitude squared squeezing), and (e),(f)
m = 3. The left-column plots [(a), (c), and (e)] are for the
ideal case of η = 1 and pS = 1, and the right-column ones
[(b), (d), and (f)] for η = 0.6 and pS = 0.7. The dashed
lines (Qm1 = 0) represent the boundary between classical and
nonclassical regimes.
In Fig. 2, the contour plot of the conditional proba-
bility PND is displayed as a function of α and R (re-
flectance). When the input amplitude α is large, the
non-detection probability, PND, becomes smaller with the
higher reflectance R. On the other hand, when α is small,
PND becomes larger with the higherR. This behavior can
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FIG. 4: Contour plot of Qm=42 of SACS as a function of α
and R = sin2 θ for (a) η = 1 and pS = 1, and (b) η = 0.6 and
pS = 0.7. The dashed lines (Q
m
2 = 0) represent the boundary
between classical and nonclassical regimes.
be understood by the fact that the coherent-state input
has the mean photon number n¯ = |α|2 and the other
non-ideal single photon source n¯ = pS : For |α|2 > pS , a
larger number of photons impinges on the detector with
higher R, thereby reducing PND, and vice versa.
In Fig. 3, the contour plot of Qm1 is displayed for
m = 1 (quadrature squeezing), m = 2 (Hillery’s am-
plitude squared squeezing), and m = 3 as examples. In
the ideal case of η = 1 and pS = 1, the negativity of
Qm1 becomes largest along the lines where α is mono-
tonically increasing with R, and this tendency remains
the same regardless of the order m. In the non-ideal
case of η < 1 and pS < 1, the parameter space of α
and R, where negative values appear above the dashed
lines (Qm1 = 0), is narrowed. However, we see that
the negativity of Qm1 is still substantial at the realistic
values of η = 0.6 and pS = 0.7. One practical disad-
vantage, though, is that in the non-ideal cases, the op-
timal negativity appears in the region where the con-
ditional probability PND is very small. [Cf. Fig. 2.]
Nevertheless, if one is ready to slightly sacrifice the de-
gree of negativity in Qm1 , the phase-sensitive nonclassi-
cal effects seem observable in high orders. For instance,
with α = 5 and R = 0.5, we obtain Qm=11 ≈ −0.098,
Qm=21 ≈ −0.08, and Qm=31 ≈ −0.062 at the conditional
probability PND ≈ 1.3× 10−3.
In Fig. 4, we show the contour plot of the phase-
insensitive nonclassical effect, Qm2 , for m = 4 as an
example. Qm2 shows similar behaviors in all the other
orders of m. It turns out that the nonclassical effects,
Qm2 , are less sensitive to the practical imperfections than
Qm1 . Moreover, the condition for optimal negativity of
Qm2 is more favorable in view of the conditional prob-
ability PND. [Cf. Fig. 2.] For instance, even at much
lower values of η = 0.3 and pS = 0.3, with α = 1.5 and
R = 0.8, we find Qm=2,3,4,52 ≈ −0.14,−0.46,−0.65,−0.76
at the conditional probability PND ≈ 0.58. Generally, the
degree of negativity in Qm2 becomes larger with the order
m unlike Qm1 .
(ii) Single-photon-added thermal states
When the input state to the beam splitter is a thermal
state, ρin = (1 − e−β)e−βa†a, with the average photon
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FIG. 5: The probability PND to generate an approximate
SATS conditioned on the no-detection of photons as a func-
tion of 1/n¯ and R = sin2 θ for (a) η = 1 and pS = 1, and (b)
η = 0.6 and pS = 0.7.
number n¯ = 1eβ−1 , we obtain the m-photon coincidence
rate at the output, using Eqs. (16) and (17), as
〈a†m1 am1 〉 = Tr1{a†m1 am1 ρc}
=
Tr1,2{a†m1 am1 Π02 · B12ρin ⊗ ρsingleB†12}
Tr1,2{Π02 ·B12ρin ⊗ ρsingleB†12}
≡ Dm
D0
,
(24)
where
Dm =
m!Tm−1n¯−1
(n¯−1 + ηR)m+2
[
T (n¯−1 + ηR)(1 − ηpST + 2mηpSR)
+mpSR(n¯
−1 + ηR)2 + (m+ 1)η2pSRT 2 ] ,
(25)
and the conditional probability is given by PND = D0.
In Fig. 5, we show the contour plot of the conditional
probability PND as a function of n¯
−1 and R. As is the
case with the coherent state input [Cf. Fig. 2], the con-
ditional probability becomes larger with lower R if the
mean photon number n¯ is large, and vice versa. In
Fig. 6, we show the contour plot of Qm2 for m = 1 (sub-
Poissonian), m = 2, and m = 3 as examples. As the
order m is increased, the parameter space for Qm2 < 0 is
narrowed, as explained in Sec. III B, but the nonclassical
effects appear in a sufficiently broad range of parame-
ters even in non-ideal conditions. Generally, the range
of reflectance R in which the negativity appears becomes
wider for a lower value of mean photon number n¯.
B. NDPA scheme
Secondly, let us briefly consider the case that the non-
degenerate parametric amplifier (NDPA) is used to im-
plement single-photon added scheme, as demonstrated in
Refs. [23-26]. The NDPA is described by the Hamilto-
nian H = ih¯ξ
(
a†sa
†
i − asai
)
, where ξ denotes the classi-
cal pumping strength, and as and ai are the signal and
the idler modes at the NDPA. [See Fig.1 (b).] When
the pumping is sufficiently low, the input field |Ψ〉s in
60.4 0.6 0.8 1.0
0
1
2
3
4
5
-0.2
-0.4
-0.6
-0.8
R
(f)
0.0 0.5 1.0
0
1
2
3
4
5
-0.2
-0.4
-0.6
-0.8
(e)
R
0.0 0.5 1.0
0
1
2
3
4
5
-0.2
-0.4
-0.6
-0.8
(d)
R
0.0 0.5 1.0
0
1
2
3
4
5
(a)
-0.8
-0.6
-0.4
-0.2
R
0.0 0.5 1.0
0
1
2
3
4
5
(b)
-0.8
-0.6
-0.4
-0.2
R
0.0 0.5 1.0
0
1
2
3
4
5
(c)
R
-0.2
-0.4
-0.6
-0.8
n-1 n-1
n-1
n-1 n
-1
n-1
FIG. 6: Contour plot of Qm2 of SATS as a function of 1/n¯
and R = sin2 θ for (a),(b) m = 1 (sub-Poissonian statistics),
(c),(d) m = 2 , and (e),(f) m = 3. The left-column plots
[(a), (c), and (e)] are for the ideal case of η = 1 and pS = 1,
and the right-column ones [(b), (d), and (f)] for η = 0.6 and
pS = 0.7.
the signal and the vacuum |0〉i in the idler are con-
verted to an entangled state |Ψ(t)〉 = e−iHt/h¯|Ψ〉s|0〉i ≈[
1 + ξt
(
a†sa
†
i − asai
)]
|Ψ〉s|0〉i. Then, conditioned on
a single-photon detection in the idler mode, the signal
mode collapses to 〈1i|Ψ(t)〉 ≈ ξta†s|Ψ〉s, which imple-
ments the single-photon-addition to the input state |Ψ〉s.
In a realistic situation, the nonideal detection such as
the dark counts and multi-photon counts in the idler
mode deforms the target state a†s|Ψ〉s to a certain mixed
state. In Refs. [23-26], Zavatta et al. particularly con-
sidered the limited efficiency, not only in the preparation
of the target state but also in the homodyne detection
of the generated state, by a beam-splitter model: the ac-
tually generated state is equivalent to the output from a
beam splitter of transmissivity η to which the ideal tar-
get state a†s|Ψ〉s and the vacuum state |0〉s are injected.
Here, η denotes the overall, empirical, efficiency of the
experimental scheme. This modeling showed an excel-
lent agreement with the experimental data [23-26], so we
adopt it here to investigate the nonclassical properties of
the single-photon-added classical states.
The above-mentioned BS model yields the relation
aD =
√
ηa +
√
1− ηv, where aD is the actually gen-
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FIG. 7: Plot of Qm1 as a function of α and η for (a),(b) m = 2
(Hillery’s amplitude squared squeezing), and (c),(d) m = 3 in
the NDPA scheme. The dashed lines represent the boundary
(Qm1 = 0) between classical and nonclassical regimes. In (a)
and (c), the dotted line corresponds to η = 0.62 for which Qm1
is plotted again as a function of α in (b) and (d), respectively.
erated mode, a the target mode, and v the vacuum
mode. Now, it is straightforward to obtain the relations
〈amD〉 =
√
ηm〈am〉 and 〈a†mD amD〉 = ηm〈a†mam〉.
(i) Case of Qm1
For the phase-sensitive effects, Qm1 , therefore, the limited
efficiency η does not affect the region where the negativ-
ity emerges in comparison to the pure-state cases: ηm
becomes an overall factor in the numerator of Qm1 from
Eq. (6). This means that even in the presence of nonideal
efficiency, for the coherent state input, Qm1 becomes nega-
tive in all orders of m for α > 1 regardless of η. However,
due to the anti-normal moment 〈a†mD amD〉, which contains
the terms proportional to ηp in the range of p = 0, . . . ,m
[see Eq. (23)], the degree of negativity is affected by the
efficiency η. In Fig. 7, we show the contour plot of Qm1
as a function of α and η for m = 2 (Hillery’s amplitude
squared squeezing), and m = 3 as examples. Apparently,
the degree of negativity is reduced by the nonideal effi-
ciency η, however, it is still substantial to observe. In
Figs. 7 (b) and (d), we again plot Qm1 as a function of α
particularly at the efficiency η = 0.62 that was reported
in Ref. [25]. Those plots clearly demonstrate the higher-
order nonclassical properties of the states generated by
Zavatta et al..
(ii) Case of Qm2
For the phase-insensitive effects, Qm2 , on the other hand,
the limited efficiency η does not play any role: the same
overall factors ηm from the numerator and the denom-
inator in Eq. (8) cancel out. Therefore, the degree of
nonclassicality does not change, and the analysis given
to the pure state cases (coherent and thermal) in Sec. III
7is valid regardless of η.
V. CONCLUSIONS
In this paper, we have investigated two generalized
classes of nonclassical properties, one phase-sensitive and
the other phase-insensitive, for the single-photon added
classical (coherent and thermal) states. We have shown
that all higher-order nonclassical effects can be observed
using SACSs and SATSs. In particular, we analyzed two
feasible experimental schemes, beam-splitter scheme and
NDPA scheme, and demonstrated the robustness of those
nonclassical effects even in the presence of experimental
imperfections. Our analysis also showed that the exper-
imental results reported by Zavatta et al. already imply
the high-order nonclassical effects [23-26].
To experimentally observe the nonclassical properties
studied here, one needs to measure two different types of
moments, 〈am〉 and 〈a†mam〉, as can be seen from Eqs. (6)
and (8). Recently, Shchukin and Vogel proposed the bal-
anced homodyne correlation measurement to efficiently
measure general normally-ordered moments [31], which
could be employed to measure those moments involved.
For the case of 〈a†mam〉, one can simply use them-photon
coincidence measurement after dividing the signal mode
to m-outputs via an array of beam-splitters. Then, the
measured Qm2 , as defined in Eq. (8), becomes insensitive
to the quantum efficiency of photo detectors, which is a
practical advantage. However, it is always desirable to
have a higher efficiency in order to enhance the counting
rates.
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